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Abstract 

The cross-couplings among several Weyl gravitons (described in 
the free limit by a sum of linearized Weyl actions) in the presence 
of a scalar field are studied with the help of the deformation theory 
based on local BRST cohomology. Under the hypotheses of locality, 
smoothness of the interactions in the coupling constant, Poincare in- 
variance, (background) Lorentz invariance, and the preservation of the 
number of derivatives on each field, together with the supplementary 
assumption that the internal metric defined by the sum of Weyl la- 
grangians is positively defined, we prove that there are no consistent 
cross-interactions among different Weyl gravitons in the presence of a 
scalar field. The couplings of a single Weyl graviton to a scalar field 
are also discussed. 

PACS number: ll.lO.Ef 



1 Introduction 

The study of Weyl gravitons is important in view of the remarkable properties 
of conformal supergravity [Ij, as well as by the renewed interest in Weyl 
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gravity [2] in connection with the ADS/CFT correspondence. Recently, the 
impossibihty of direct cross-interactions among several Weyl gravitons under 
certain assumptions has been proved in |3j by means of a cohomological 
approach based on the lagrangian BRST symmetry [H [5], [6], [71 El El llQj- 

The purpose of this paper is to analyze the indirect cross-couplings among 
several Weyl gravitons (described in the free limit by a sum of linearized Weyl 
actions) in the presence of a scalar field. Thus, under the hypotheses of local- 
ity, smoothness of the interactions in the coupling constant, Poincare invari- 
ance, (background) Lorentz invariance, and the preservation of the number 
of derivatives on each field, together with the supplementary assumption that 
the internal metric defined by the sum of Weyl lagrangians is positively de- 
fined, we prove that there are no consistent cross-interactions among different 
Weyl gravitons in the presence of a scalar field. Our result is obtained in the 
context of the deformation technique [llj combined with the local BRST 
cohomology [T2] . 

In order to make the presentation as clear as possible, we initially consider 
the case of the couplings between a single Weyl field and a scalar field, and 
compute the interaction terms to order two in the coupling constant. In 
this manner we obtain that the first two orders of the interacting lagrangian 
resulting from our setting originate in the development of the full interacting 
lagrangian (in four spacetime dimensions) 

where g^^ is the full metric, g^^ denotes its inverse, R represents the full scalar 
curvature, k is an arbitrary real constant, and A is the coupling constant. 
The term Ak0^ is usually omitted in the literature. It appears for instance 
in the partial gauge-fixing procedure with 0=1 [13] that leads from to 
the standard Einstein-Hilbert action with a cosmological term. This term is 
consistent with the gauge symmetries of the lagrangian + C^™^\ where 
is the full Weyl la grangian. Based on this result, we begin with a finite 
sum of linearized Weyl actions and a scalar field, and prove that there are no 
consistent cross-interactions between different Weyl gravitons in the presence 
of a scalar field under the hypotheses explained in the above. 

This paper is organized in seven sections. In Section 2 we construct 
the BRST symmetry of a free model with a single Weyl field and a scalar 
field. Section 3 briefly addresses the deformation procedure based on BRST 
symmetry. In Section 4 we compute the first two orders of the interactions 
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between one Weyl graviton and a scalar field. In Section 5 we analyze the 
deformed theory obtained in the previous section. Section 6 is devoted to 
the proof of the fact that there are no consistent cross-interactions among 
different Weyl gravitons in the presence of a scalar field. Section 7 exposes 
the main conclusions of the paper. The paper also contains one appendix 
section, in which a statement mentioned in the body of the paper is proved. 



2 Free model: lagrangian formulation 
and BRST symmetry 

Our starting point is represented by a free lagrangian action, written as the 
sum between the linearized Weyl gravity action and the action for a massive 
real scalar field 

^ Jd'x{cr> + ci*'), (1) 

where W^^ai^ is the linearized Weyl tensor in four spacetime dimensions, 
given in terms of the linearized Riemann tensor TZ/^uap and of its traces by 

1 1 

Throughout the paper we work with the flat metric of 'mostly plus' signature 
(^ixv — ( — h ++). The notation [/i • ■ ■ z/] signifles antisymmctrization with 
respect to all indices between brackets without normalization factors (i.e., 
the independent terms appear only once and arc not multiplied by overall 
numerical factors). The linearized Riemann tensor is expressed by 

T^nvaf) — 2 i^ndph^a + dudah/^p — dj^dijh^ — d^daKis) , (3) 
while its simple and respectively double traces read as 

7^^, = (7"^7e^„,^, 7^ = a^^n^,. (4) 

The linearized Weyl tensor can be expressed in terms of the symmetric tensor 
)Cf,u hke 
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where 

^t^y = \ {^^i>^ - ^(^^lu^^ , /C =^^- (6) 

The theory described by the action ([T]) possesses an irreducible and abehan 
generating set of gauge transformations 

5eh^,y = df^^e^) + 2(T^ye, 5,(f) = 0, (7) 

where the gauge parameters and e are bosonic functions. The scalar 
gauge parameter e is responsible for the so-called conformal invariance of 
Weyl theory, while appear also in the Pauli-Fierz theory and will be called 
'Pauli-Fierz' gauge parameters. The notation (/iz/) signifies symmetry with 
respect to the indices between parentheses without the factor 1/2. 

In order to construct the BRST symmetry for the model under study, 
we introduce the fermionic ghosts r^^ and ^ respectively associated with the 
gauge parameters and e. The antifield spectrum is organized into the an- 
tifields {h*'^", 0*} (of the original fields {h^^, 0}) and {?7*^, (of the ghosts 
{?7^, ^}), with the statistics of the antifields opposite to that of the associated 
fields/ghosts. 

Since the gauge generators of the free theory are field independent, it 
follows that the BRST differential simply reduces to 

5 = 5 + 7, (8) 

where S represents the Koszul-Tate differential, graded by the antighost num- 
ber agh (agh (5) = —1), and 7 stands for the exterior derivative along the 
gauge orbits, whose degree is named pure ghost number pgh (pgh (7) = 1). 
These two degrees do not interfere (pgh (5) = 0, agh (7) = 0). The over- 
all degree that grades the BRST complex is known as the ghost number gh 
and is defined like the difference between the pure ghost number and the 
antighost number, such that gh (5) = gh (7) = 1. If we denote by 

$"° = (V,0), V''' = {V,,0 (9) 

the fields and ghosts of the free theory (77^ will be called the 'Pauli-Fierz' 
ghosts), and by 

Ko = ih*"',<pn, < = (r]*^r) (10) 
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the corresponding antifields, then, according to the standard rules of the 
BRST formahsm, the corresponding degrees of the generators from the BRST 
complex are valued like 



agh($"") 


= 0, 


agh (?7"^) 


= 0, 


(11) 


agh (^-^o) 


= 1, 


aghfe) 


= 2, 


(12) 


pgh($"o) 


= 0, 


pgh [7]°^) 


= 1, 


(13) 




= 0, 


Pgh {V*a,) 


= 0. 


(14) 



The actions of the differentials 6 and 7 on the generators (pi)- fllOI) from the 
BRST complex are given by 

Sh*"" = 2d^dpW"''^, S(j)* = (□ + m^) 0, (15) 

67]*^" = -2d^h*^'\ 6C = 2h*, (16) 

= 0, 57]°^ = 0, (17) 

iKo = 0, 7<=0, (18) 

ihf,^ = d(^^r]y) + 2(7f,y^, = 0, (19) 

= 0, 7^ = 0, (20) 

being understood that both operators act like right derivations. The notation 
h* signifies the trace of h*'^", h* = a^,,h*^"'. The BRST differential is known 
to have a canonical action in a structure named antibracket and denoted by 
the symbol (, ) (s- = (■, S)), which is obtained by setting the fields and ghosts 
respectively conjugated to the corresponding antifields. The generator of the 
BRST symmetry is a bosonic functional, of ghost number zero, which is 
solution to the classical master equation (S*, 5*) = 0. In our case the solution 
to the master equation reads as 

S = [V, <P] + j d^x h*'''' {d^^Vu) + 2(7^,0 • (21) 

3 Deformation of the solution to the master 
equation: a brief review 



We begin with a "free" gauge theory, described by a lagrangian action Sq [$"°], 
invariant under some gauge transformations 



= Z"«^e"S ^ZX=0, (22) 
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and consider the problem of constructing consistent interactions among the 
fields ^^'^ such that the couplings preserve the field spectrum and the original 
number of gauge symmetries. This matter is addressed by means of reformu- 
lating the problem of constructing consistent interactions as a deformation 
problem of the solution to the master equation corresponding to the "free" 
theory [TT]. Such a reformulation is possible due to the fact that the solution 
to the master equation contains all the information on the gauge structure 
of the theory. If an interacting gauge theory can be consistently constructed, 
then the solution S to the master equation associated with the "free" theory, 
(5, 5") = 0, can be deformed into a solution S 



S^S = S + XSi + X'S2 + --- = 

= S + \ J d^xa + X^ j d^xb + --- (23) 

of the master equation for the deformed theory 

iS,S)=0, (24) 

such that both the ghost and antifield spectra of the initial theory are pre- 
served. The equation splits, according to the various orders in the 
coupling constant (deformation parameter) A, into 

{S,S) = (25) 

2{S,,S) = (26) 

2{S2,S) + iSi,Si) = (27) 

{Ss,S) + {SuS2) = (28) 



The equation (!25|) is fulfilled by hypothesis. The next one requires that 
the first-order deformation of the solution to the master equation, S*!, is a 
co-cycle of the "free" BRST differential s, sSi = 0. However, only coho- 
mo logically nontrivial solutions to fl26p should be taken into account, as the 
BRST-exact ones can be eliminated by some (in general nonlinear) field redef- 
initions. This means that 5*1 pertains to the ghost number zero cohomological 
space of s, (s), which is generically nonempty due to its isomorphism to 
the space of physical observables of the "free" theory. It has been shown 
(on behalf of the triviality of the antibracket map in the cohomology of the 
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BRST differential) that there are no obstructions in finding solutions to the 
remaining equations ( (1271) - (1251) . etc.). However, the resulting interactions 
may be nonlocal, and there might even appear obstructions if one insists on 
their locality. The analysis of these obstructions can be done with the help 
of cohomological techniques. 

4 Consistent interactions between the Weyl 
graviton and the real scalar field 

The aim of this section is to investigate the cross-couplings that can be in- 
troduced between a single Weyl graviton and a scalar field. This matter is 
addressed in the context of the antifield-BRST deformation procedure de- 
scribed in the above and relies on computing the solutions to the equations 
fl26|) - fl28|) . etc., with the help of the BRST cohomology of the free theory. 
The interactions are obtained under the following (reasonable) assumptions: 
smoothness in the deformation parameter, locality, (background) Lorentz in- 
variance, Poincare invariance, and preservation of the number of derivatives 
on each field. 'Smoothness of the deformations' refers to the fact that the 
deformed solution to the master equation (!23|) is smooth in the coupling con- 
stant A and reduces to the original solution (|2T]) in the free limit A = 0. The 
requirement that the interacting theory is Poincare invariant means that one 
does not allow an explicit dependence of the deformed solution to the master 
equation on the spacetime coordinates. The conservation of the number of 
derivatives on each field with respect to the free theory means here that the 
following two requirements are simultaneously satisfied: (i) the derivative 
order of the equations of motion on each field is the same for the free and 
respectively for the interacting theory; (ii) the maximum number of deriva- 
tives in the interaction vertices is equal to four, i.e. the maximum number of 
derivatives from the free lagrangian. Conditions of this type are frequently 
imposed in the literature at the level of constructing interacting theories; 
for instance, see the case of cross-interactions for a collection of Pauli-Fierz 
fields [13], the couplings between the Pauli-Fierz and the massless Rarita- 
Schwinger fields [15], or the direct cross- interactions for a collection of Weyl 
gravitons [3]. 
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4.1 Standard material: H {'j) and H {5\d) 

The equation fl26l) . which we have seen that controls the first-order deforma- 
tion, takes the local form 

sa = 9^m^, gh (a) = 0, e (a) = 0, (29) 

for some local m'^, and it shows that the nonintegrated density of the first- 
order deformation pertains to the local cohomology of the free BRST dif- 
ferential in ghost number zero, a G H^{s\d), where d denotes the exterior 
spacetime differential. The solution to the equation (12^ is unique up to 
s-exact pieces plus divergences 

a^a + sb + d^n^, (30) 

where 

gh(6) = -l, e{h) = l, gh(n^)=0, e{n^')=Q. 

At the same time, if the general solution of fl29|) is found to be completely 
trivial, a = sh + d^n'^, then it can be made to vanish a = 0. 

In order to analyze the equation fl2I?l) . we develop a according to the 
antighost number 

I 

a = ^ai, agh(ai)=z, gh (a^) = 0, £ (a^) = 0, (31) 

i=0 

and assume, without loss of generality, that the decomposition (^11) stops at 
some finite value of /. This can be shown for instance like in Appendix A 
of [3]. Replacing the decomposition fl3Tl) into the equation fj29|) and projecting 
it on the various values of the antighost number by means of the splitting 
(IH]), we obtain the tower of equations 

{if 

-ftti = d^m , (32) 

(7-1)^ 

6ai + 707-1 = dfj, m , (33) 
6ai + 7aj_i = m , 1<'^</ — 1, (34) 

where I m j are some local currents with agh I m 1 = Moreover, 
according to the general result from [3] in the absence of collection indices. 
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the equation (152]) can be replacecll] in strictly positive antighost numbers by 



lai = 0, 



/ > 0. 



(35) 



Due to the second-order nilpotency of 7 (7^ = 0), the solution to the equation 
(155]) is unique up to 7-exact contributions 



a/ ^07 + 767, agh(67) = /, pgh(67) = /-l, e{bi) = l. (36) 



Meanwhile, if it turns out that aj reduces to 7-exact terms only, aj = 76/, 
then it can be made to vanish, a/ = 0. In other words, the nontriviality of 
the first-order deformation a is translated at its highest antighost number 
component into the requirement that aj G (7), where (7) denotes the 
cohomology of the exterior longitudinal derivative 7 in pure ghost number 
equal to /. So, in order to solve the equation (129]) (equivalent with (135]) and 
( 155]) - (IM]) ). we need to compute the cohomology of 7, H (7), and, as it will 
be made clear below, also the local cohomology of 6, H {S\d). 

Using the results on the cohomology of 7 in the Weyl sector [3] and the 
definitions of 7 acting on the scalar field and on its antifield 0*, we can 
state that -ff (7) is generated on the one hand by 77*^, 0, and W^uap, 
as well as by their spacetime derivatives, and, on the other hand, by the 
ghosts and their first-order derivatives r]^, d[^rjy\, ^, and d^^. So, the most 
general (and nontrivial), local solution to (135]) can be written, up to 7-exact 
contributions, as 



where the notation /([(?]) means that / depends on q and its derivatives up 
to a finite order, while uj^ denotes the elements with pure ghost number J of a 
basis in the space of polynomials in the corresponding ghosts and their first- 
order derivatives. The objects ai (obviously nontrivial in (7)) were taken 
to have a finite antighost number and a bounded number of derivatives, and 
therefore they are polynomials in the antifields and r/*^ , in the linearized 
Weyl tensor Wfj,uai3, in the first-order derivatives of the scalar field 9^0, as 
well as in their subsequent derivatives. However, ai may contain infinite, 
formal series in the undifferentiated scalar field 0. They are required to 
fulfill the property agh («/) = J in order to ensure that the ghost number of 

^This is because the presence of matter fields (in our case a real scalar field) does not 
modify the general results on H (7) presented in [3j . 



(37) 
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ai is equal to zero. Due to their 7-closeness, ■yaj = and to their (partial) 
polynomial character, aj will be called "invariant polynomials". In zero 
antighost number the invariant polynomials are polynomials in the linearized 
Weyl tensor, in its derivatives, and in the derivatives of the real scalar field, 
with coefficients that may be infinite series in the undifferentiated real scalar 
field (j). 

Substituting fl?r|) in fl5^ . we obtain that a necessary (but not sufficient) 
condition for the existence of (nontrivial) solutions a/_i is that the invariant 
polynomials aj are (nontrivial) objects from the local cohomology of the 
Koszul-Tate differential H {6\d) in antighost number / > and in pure ghost 
number zero, 

5aj = d^ 3 , agh ( J j = ^ - 1. Pgh [3 j = 0. (38) 

We recall that the local cohomology H {5\d) is completely trivial in both 
strictly positive antighost and pure ghost number (for instance, see Theorem 
5.4 in [12] and also [iBj). Using the fact that the Cauchy order of the free 
theory under study is equal to two, together with the general results from [12] , 
according to which the local cohomology of the Koszul-Tate differential in 
pure ghost number zero is trivial in antighost numbers strictly greater than 
its Cauchy order, we can state that 

Hj{5\d)=Q for all J > 2, (39) 

where Hj {5\d) denotes the local cohomology of the Koszul-Tate differential 
in antighost number J and in pure ghost number equal to zero. It has been 
shown in detail in [5] (Theorem 5.1) that any invariant polynomial from the 
Weyl sector that is trivial in Hj {5\d) with J > 2 can be taken to be trivial 
also in HJ^ {S\d)- [Hj" {S\d) denotes the invariant characteristic cohomology 
in antighost number J (the local cohomology of the Koszul-Tate differential 
in the space of invariant polynomials).] This property is still valid here since 
the real scalar field has no gauge invariance of its own, and thus the scalar 
field sector can intervene nontrivially only in the cohomology of the Koszul- 
Tate differential in antighost number one. Thus: 

laj = 6bj+i + c , agh (aj) = J >2 \ ^ aj = 6(3j+i + 7 , (40) 
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with both Pj+i and 7 invariant polynomials. The results (15^ and (HDl) 
yield the conclusion that 

i/^"^- = for all J > 2. (41) 

The antifield of the scalar field brings only trivial contributions to both 
Hj {S\d) (in pure ghost number zero) and (5|(i) for J > 2, so the re- 
sults from [3] regarding H2 {S\d) (in pure ghost number zero) and {S\d) 
remain valid here. Both cohomologies are still spanned by the undifferenti- 
ated antifields corresponding to the 'Pauli-Fierz' ghosts 

H2 {6\d) and H'^'' {6\d) : [r]*") . (42) 

In contrast to the groups {Hj {6\d)) and [Hy {6\d)) j^^, which are finite- 
dimensional, the cohomology Hi {6\d) in pure ghost number zero, that is 
related to global symmetries and ordinary conservation laws, is infinite- 
dimensional since the theory is free. Fortunately, it will not be needed in 
the sequel. 

The previous results on H {6\d) and if™^ {S\d) in strictly positive antighost 
numbers are important because they control the obstructions to removing the 
antifields from the first-order deformation. Based on the formulas (!39l) - (HT]) . 
one can successively eliminate all the pieces of antighost number strictly 
greater that two from the nonintegrated density of the first-order deforma- 
tion by adding only trivial terms, so one can take, without loss of nontrivial 
objects, the condition / < 2 in the decomposition fl3T]) . The proof of this 
statement can be realized like in the subsection 6.1 from |3]. 

4.2 First-order deformation 

In the case 1 = 2 the nonintegrated density of the first-order deformation 
(pTj) becomes 

a = Qq + ai + a2. (43) 
We can further decompose a in a natural manner as 

a = aW+a(i>^*) + a('^), (44) 

where a^^^ contains only fields/ghosts/antifields from the Weyl sector, a*^''^*^ 
describes the cross-interactions between the Weyl graviton and the scalar field 
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(so it effectively mixes botli sectors), and a^"'^-' involves only the scalar field 
sector. The component completely known [3] and satisfies individually 

an equation of the type fl29l) . It admits a decomposition similar to fj43|) 



where 



= a^^ + aS^) + af \ (45) 
V*' (^lv'd[,v.] + V,^^ - Cv,d^^, (46) 



and Og^^ is the cubic vertex of the Weyl lagrangiaii^. Since a*^™*-' mixes 
variables from Weyl and matter sectors, while a^'^^ depends only on the matter 
field, it follows that these are subject to two separate equations 

sa('°*) = (9^m('°*)'^, (48) 
sa^"^) = a^m^-^)^, (49) 

for some local m'^'s. In the sequel we analyze the general solutions to these 
equations. 

Like we mentioned before, the scalar field sector may appear nontrivially 
only in antighost number one or zero, so one can always take 02"^*'' = and 
hence work with 

^(int)^^(int)^^(int)^ (50) 

where the components of a*^™*-* are subject to the equations 

7af"^ = 0, (51) 
(^af-^^^+TaS"*^ = d^m . (52) 



^The terms a'^^ and a^^'' given in ((46|) and (f47|) differ from the corresponding ones 
in [3] by a 7-exact and respectively a (5-exact contribution. However, the difference between 
our a2^'+ a^^' and the corresponding sum from [3] is a s-exact modulo d quantity. The 

associated component of antighost number zero, Og^^ is nevertheless the same in both 
formulations. As a consequence, the object a^^^ and the first-order deformation in [5] 
belong to the same cohomological class from H'^ {s\d). 
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According to (ITTI) in pure ghost number equal to one, it results that the 
most general form of Cl^' ^ clS solution to fIFT]) that might provide effective 
cross-interactions is written like 



+h*"^ M^^d,^ + M^^^^H + M.^^ + h (53) 



where the M-like functions may depend on the scalar field, on the linearized 
Weyl tensor, as well as on their spacetime derivatives, and satisfy obvious 
'symmetry' properties. Using the definitions of S and 7, after some compu- 
tations we obtain that 



where we used the notations 



(54) 



(i) 



(55) 



i=l 



+ 



+ 



+ Ud^M^ - M^a^0 - 2M^.9^W"'^^ + 2W"''^9^M^fl ) r/A,(56) 



Co 



-0 (^(D + m^) + 89pM''^ + 2M^ + 29^M 
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+ 



(□ + m^) M + 2dxM^ 



as well as 



b^o^ = 0M/C, 



r(4) 



(,(5) 



-2 (M^^a.W^"'^'^ - W^""^9,M^^) /C 



2 ( M^^S.W^"'^'' 



(,(8) 



(57) 

(58) 
(59) 
(60) 

(61) 

(62) 

(63) 
(64) 

(65) 



According to fl52|) . the terms fl58|) - fl65|) give, up to a global factor, some of the 
pieces from the interacting Lagrangian at order one in the coupling constant. 
The hypothesis on the conservation of the number of derivatives on each 
field [conditions (i)-(ii) expressed in the beginning of the section S] induces 
further restrictions on the type-M functions, as it will be seen below. The 
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second term in fl58p outputs a field equation for the scalar field with three 
derivatives, which disagrees with the condition (i). Therefore, we must set 

Mf" = 0. (66) 

The pieces ( 1591) satisfy the requirement (i) in relation to the scalar field if the 
functions M'^'^ depend only on the undifferentiated fields ha/3 and 0. Because 
M'^'^ are gauge invariant, it results that these functions actually depend on 
the undifferentiated scalar field. Their antisymmetry property M^^'^ = —M'^^ 
prevents the appearance of such functions, and thus we take 

M'^'' = 0. (67) 

The most general form of ([60]) satisfying (i) is M = M{(f))u (W^'^^^W^.^a/?) , 
with u and M some arbitrary, smooth functions. On the other hand, the 
condition (ii) prescribes that M comprises at most two derivatives (as /C 
already has two). This finally yields u = 1 and 

M = M{(j)). (68) 

The terms ( 16T|) fulfill (i) in relation to the scalar field if the functions M^^ 
depend at most on the first-order derivatives of (p and hap- Since the only 
gauge-invariant objects constructed out of the graviton field contain at least 
two derivatives, it follows that ikf^ can only be written as 

M^" = d^N (0) , (69) 

for some smooth function A^. Due to the fact that (|62|) - (|63|) already produce 
a field equation for the scalar field with three derivatives, the condition (i) 
imposes that we must take 

Kg = 0, m£ = 0. (70) 

Regarding the element (IM|) . it outputs at most a second-order derivative 
scalar field equation if the functions Ma/3 are of the type 

Maf3 = Q (0) Wa/^upW/^'w ( W^.pA W^'^"^) , (71) 

where Q and w are smooth functions. If we introduce (17T!) in (IMI) . then the 
latter provides an interaction vertex of at least order eight in the derivatives, 
in disagreement with the condition (ii). Consequently, we have 

Map = 0. (72) 
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Finally, it is easy to see that provide a three-order derivative equation 
for the scalar field, and therefore we must set 



(73) 



Substituting the results (|^ - (I75]) in (jSSD and (|33i) - (|Fn) . we arrive at 

af°*) = 0*[Me + (9^iV)r7^], (74) 



bo = 0M(0)/C+-[(9^iV)9>-09^a^iV] V- 



(75) 



+ (0a^M - Ma^0 - (pd'^N) 



(76) 



Co = ~2(t)d^'{M + N)d^i-(t)[{U + m^)M -2UN]i- 
-(P[{U+m^) d^'N] T]^. 

After some manipulations, the terms (1771) can be brought to 

Co = 7^0 + d/^fo^ + Co, 

where we employed the notations 



°° / \n jn-1 



„rf"-iiV(0) 



n=2 



kn-1 



rif'-M (0) S'^^ 



(77) 



(78) 



-(j)^d^ (M + 2N) 



(79) 



(-)" „rf«-iiV(0) 



vn=2 



W. 



kn-1 



(80) 
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and 



c'o = lid''<l>)id,<l>)id.<l^)^^^v-^ + 



,M(,).4f:H:,»™i), (81, 



n=2 



In the above M (0) is defined via the relation dM (0) /d(f) = (p {dM (0) /d(j)). 
Inserting (ffSl) in (!54l) . we deduce 

M"*^ = 7 (&o + &'o) + 5, (jo" + j^'^) + 4 

Because the piece Cq is nontrivial in H (7) in pure ghost number one, the 
existence of solution to the equation (132]) demands that Cq must 

vanish, which further implies the following relations that must be satisfied 
by the functions N (0) and M (0): 



d^N (0) 
d02 

d(M(0) + iV(0)) 



0, (82) 
0, (83) 



^MW + 4|:(z|:r^^9^) = 0, (84) 



From fl52]) we find that 

AT (0) = ci - A;0, (85) 

with Ci and A; two arbitrary, real constants. Inserting (|85|) in (|83|) . we have 
that 

M {(j)) = k + k(j), (86) 

with /c another arbitrary, real constant. Introducing the solutions f l85l) - fl86l) 
in (|84|) . the last one becomes 

- m^kcp^ + m^kcp = 0, (87) 

and leads to 

m^k = 0, m'^k = 0. (88) 
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There are two types of solutions to 0881) . The former has the form 



k = k = 0, mV 0, (89) 

and obviously gives no cross-couplings between the Weyl graviton and the 
scalar field. For this reason this solution is not interesting, and therefore it 
will be omitted in the sequel. The latter solution is written like 

k^O, k^O, = 0, (90) 

and provides the first-order deformation 

af'^*) = + k(l>* [0e - (d'-^l)) V,] , (91) 

-(int) 



(9^0)9>-^a^^ id''(f))dp(f) 



where Oq"*'* is solution to the 'homogeneous' equation 



(92) 



= 9^m(^'^*)^ (93) 

for some local m^™*)^. The solutions to the 'homogeneous' equation corre- 
spond to a^^'^*^ = 0, and thus they do not deform the gauge transformations, 
but only the interacting lagrangian at order one in the coupling constant. 
The constant ci appearing in fl85l) brings no contribution to the first-order 
deformation and will be set zero in the sequel. 

Next, we analyze the equation ( l93l) . There are two main types of solu- 
tions to this equation. The first type, to be denoted by a'o™*'', corresponds 
to m^'^*)/^ = and is given by gauge- invariant, nonintegrated densities con- 
structed out of the original fields and their spacetime derivatives, which, 
according to (l37|l . are of the form 

af*) = af*)([0],[W,.„^]), (94) 

up to the condition that they effectively describe cross-couplings between the 
two types of fields and cannot be written in a divergence-like form. The sole 
possibility that complies with all the hypotheses mentioned in the beginning 
of this section is 

a't'^ = \y\',upxW^'''^v (0) , (95) 
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where v (0) is a smooth function of the undifferentiated scalar field. The 
second kind of solutions, to be denoted by aQ™^\ is associated with m^™*^'^ 7^ 
in fl^ . being understood that we discard the divergence-like quantities 
and maintain the condition on the conservation of the number of derivatives 
on each field. At this point it is useful to decompose the exterior derivative 
along the gauge orbits 7 like in [3] 

7 = 7o + 7i, (96) 
where 70 and 71 act nontrivially only on the Weyl field through 

70/^^1/ = d(^7]y), -fih^i, = 2a ^y^. (97) 

The grading associated with this splitting is the number of the ghosts ^ and of 
their derivatives (71 increases this number by one unit, while 70 does not af- 
fect it). If one plugs this decomposition into the equation fl93l) corresponding 
to m(^'^*)'^ ^ 0, it becomes equivalent to two equations, namely 

704'^"^*^ = d.rnf'^'. li^t'^ = 5,^^*^"- (98) 

As it is shown in Appendix \^ the solution to the former equation in fl98|) 
reads as 

-^^^ = (cl7^^„,^7^'^"^^ + C27^^.7^^^ + c^n^) f (</>) + nf (0) , (99) 

with / (0) and / (0) arbitrary, smooth functions of the undifferentiated scalar 
field, while ci, C2, and C3 are some arbitrary, real constants. Inserting (l99il 
into the latter equation from (!98|) . we obtain that 

-/ (0) [4 (2ci + C2) n^^'d^d^i + 2 (c2 + 6C3) 7^□e] - 

-6/(0)ne = 9^mf°*)^ (100) 
The left-hand side of f llOOl) reduces to a divergence if 

Ci = C2 = C3 = 0, / (0) = constant. (101) 

The relations (!99|) and fllOip lead to an Og*'™*'' that cannot describe cross- 
couplings, and consequently we must tak^ 

a^'^'"*) = 0. (102) 

■^Apparently, a more general solution to the equation (|100p would be ci = ^5C2, C3 = 
~^C2, / {(f) — constant. However, this solution provides a vertex of the type which 
has already been considered. 
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Finally, we focus on the solutions to the equation (H^ . As the scalar field 
action from ([T]) has no nontrivial gauge invariance, it follows that a*-*^^ can 
only reduce to its component of antighost number zero 

aW^aW = 4'^)([0]), (103) 

which is automatically solution to the equation = 0. It comes 

from a^^^ = and does not deform the gauge transformations ([7]), but merely 
modifies the scalar field action. The hypothesis on the conservation of the 
number of derivatives on each field is translated at the level of d^'^^ into 

4-^) = J (0) {d,4>) (d^cP) dP4> + F (0) {dp4>) d'<p + G (0) , (104) 

where J (0), F (0) and G (0) are some arbitrary functions of the undifferenti- 
ated scalar field. We can summarize the above results by concluding that the 
'interacting' part of the first-order deformation of the solution to the master 
equation can be written as 

= j d^x {0* [U + k{ct>^- (9^0) r^^)] - k<Pa^^lC^,- 



k 
2 



()V^'^/C^, - V ( id^4>) d"^ - ^a^^" (9^0) 9,0 



+ 



+lw^upxW^''''v (0) + J (0) (9,0) (9^0) (9,0) 9^0 + 
+F(0)(9,0)9''0 + G(0)}. (105) 



4.3 Second-order deformation 

So far we have seen that the first-order deformation can be written like the 
sum between the first-order deformation for the Weyl theory (exposed 
in [3]) and the interacting part 5*1™* given in (11051) . 

In this section we investigate the consistency of the first-order deforma- 
tion, described by the equation (1271) . Along the same line as before, we can 
write the second-order deformation like the sum between the Weyl contribu- 
tion and the interacting part 

S, = s^^^ + St^. (106) 
The piece can be deduced from [3] , while 5*2™* must satisfy the equation 

^{S,,S,f'''^ + sSt'^ = 0, (107) 
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where 

(S,, = Sf*)) + 2 (^S^^\ Sf*)) . (108) 

If we denote by A^™*^ and 6'-™*-* the nonintegrated densities of the functionals 
(5*1, 5*1 )^™*-' and respectively S2^^\ the local form of (11071) becomes 



(109) 



with 

gh (A^^"^*)) = 1, gh (6('°*)) = 0, gh (n^) = 1, (110) 

for some local currents n^^. Direct computation shows that A^™*) decomposes 
like 



^(int) _ ^(int) ^ ^(i 



, (int) 



agh Ay 



, (int) 



J = 0,1, 



(111) 



with 



(int) 



-2 (1 + A;) [(^0* + r/^9^e + k(t>* (9^0) r/^e+ 



+-0* {dy)v''d[,v. 



(112) 



and 



A 



(int) 



-2 [A; (A; + 2A;0) + /C^ + 2A; ^/i^^ - ^a^^/i^ x 
X {k (9^0) + k [(9^0) (00 - (9'^0) ((^''0) r^^)]} + 
+2A; {k + kef) /C ((9''0) r/^ + A; 



+ ^ (2A; + A:0) (S^S'' - a^"'U) x 

X {v^d^Kx - V^dxh^u - 2^ V - hx^duT]^) + 



+2k 



+ 



H W rlC\ 



+2A; 

+2F{d,<P)d^{<P^-{d^<P)v,)] + 
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where 



+2 [{d,<p) {d^<p)fi 



> + 4J(0) +k 



+ 



+8 (9^0) (8^(1)) (9,0) (d'^O J (0) {k + 



+ 



+7 



+8 (^>V^°^^ + ^>V'^°^/^W^p,;3/i^,^ (0) + 

+kJ (0) (9,0) {dP<P) (9,0) (9,0) (a'^^/i - Ahn] + 



(A; + 1) ( VV^^'^W/ 



(0) , 1 P 



(1) 



1 



r = - id h + d h - d h ) 



;ii3) 



;ii4) 



Since the first-order deformation in the interacting sector starts in antighost 
number one, we can take, without loss of generahty, the corresponding second- 
order deformation to start in antighost number two 



^(int) 



^(int)^^(int)^^(int)^ 



agh(6f*)j =/, 7 = 0,1,2,(115) 
agh(n^) = /, 1 = 0,1,2. (116) 



By projecting the equation (11091) on various antighost numbers, we infer the 
following tower: 



^P 1 2 



d„. I -ni^ I , 



(117) 

, ... (118) 
At'^ = -2(56f°*)+76j'^*))+«- (119) 



(int) 



As argued in the subsection 14. 11 the equation flll7p can be always be replaced 
with 

7&f = 0. (120) 
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If we make the notation 



r = -2{l + k) [{k(j)* + k(f)*(j)) r^^S^e + k(j)* {dy) r/^e+ 



;i2i) 



and inspect (11121) . it results that a["*^ can be written hke in (11181) if 

r = 5^ + 7n + 9^p^ (122) 

for some local nonintegrated quantities ip, n, and p^'. By applying 6 on (I122p . 
we infer that 

5r = 7 {-5U) + d,, i5p^) . (123) 
Let us suppose that (11231) holds. Acting now with 6 on (11211) . we arrive at 

6r 



<-2{l + k) 



+ 



k {d^) ( Ti^K.,, + - [d^i) V ) - 



+7|-2(1 + A;) 

+^02 ^^/c + 1 (9^ V - ^^^) ^'^e) - 



where 



T^^ = ia'^^ (9p0) (S''^) - (9^0) (S'^ 



(124) 



(125) 



is the stress-energy tensor of the scalar field. Due to the fact that neither of 
rf ^ d^^rf^ ^, and c?,^ are 5-exact, the right-hand side of (11241) can be written 
like in the right-hand side of (I123p if 

= (126) 



23 



for some local Q. Indeed, if Q were nonlocal, then fll23p - fll24l) would imply 
that SU is also nonlocal. It is clear that the non-locality of 611 yields the 
same with respect to U. In this setting, from ffTT2D . ffTTSj) . and f fT2T]) - ffT22D 
we get that 

^(int) ^ _ 1 (^2^* ^g,^^ ^.^^^ ^ n) , (127) 

which indicates that the second-order deformation would contain a nonlocal 
term, and thus contradicts the hypothesis on the locality of the deformations. 
We observe that the requirement on to be a local function is a direct 
consequence of the required locality of the interactions. On behalf of the 
second relation in ( fTSl) and the last equation from ( !90|) we find that is 
5-exact 

■ 1 



= ^ y^^j , (128) 

but only in the space of nonlocal nonintegrated densities. As a consequence, 
the equation (11261) cannot take place in the space of local nonintegrated 
densities, where the admitted deformations belong. This further yields that 
neither (11221) can hold in this space. So, F of the form (11211) must be made 
to vanish, which happens if 

A;(1 + A;) = 0, k{l + k)=Q. (129) 

The nontrivial solution to (I129p reads as 

k = -1, (130) 

and k remains an arbitrary real constant. Replacing (I130p in (I112p . and then 
in (I lisp , we infer that 

bf^ = 0, (131) 
fc^*^ = -\<P*{dy)v''h,,. (132) 

Inserting now (I130p in (I113p . we obtain 
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'(1) (1) (1) (1) 



-k(j) 



6 



'(1) (1) (1) (1) 

^ I T pupT p^uipi ~2 T pui/iT p^ppj 



+ (^-^^A^'^'^'^A^pupxh + m^'^'f^a'^ TppuTxa(3 + 

+8 (w'-'^'^hp^lC^p + ^y^'-'^'^WppuphP^^ V (0) 

~Gh - F + 2T^'^ V) - 

-J (0) (9,0) (9^0) (9^0) (9,0) {a^-^h - 4hn} + 



+2k 



dF 

-kJC + — {dp^ 



dG 



+2F (9,0) d"^] - 2 (^—0 - 4GJ e + 
+ (9^F) [20^9^^ - (0^)] + 

>v,„., {k - 0) + 



+2 [(9^0) (9'^0)]^e 



dJ(0) 



+ 4 J (0) + A: 



dJ(0) 



+ 



+8 (9^0) (9'^0) (9,0) (d'^O J (0) - 0) + -9,^^. (133) 

By comparing (11331) with flllQp . we remark that the consistency of the first- 
order deformation requires that 



e 



2k 



-2 



-kIC + ^ (9,0) 9''0 + ^ 



dC 



e + 2F(9,0)9''a- 



- 4GJ e + (dpF) [20^9^^ - e^'^ (0')] + 

+w^"^'^w,.., (fc - 0) + 
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+ 4 J (0) + A; 



(134) 



+2 [(9^0) id^<l,)Y^ 

+8 (9^0) (9^0) (a^O ^ (0) - 0) , 
must be of the form 

e = 7^ + (135) 

for some local 9 and x^. Assume that (11351) is satisfied. Acting with 7 on it, 
it follows that 

76 = d, (7X^) . (136) 
Using (11340 . by direct computation we get that 

76 = {2¥id^'0 . (137) 

By means of (I136p - (I137I) . we arrive at 

2k^id^'i = 7x^ + d^X"'', (138) 

with X"^ some antisymmetric, but otherwise arbitrary functions 

= _xf^'^, (139) 

The relation (11381) expresses the compatibility between the equations (11361) 
and ([I37D. On behalf of 

(140) 



e = 7 ( ) - ^d'Vu^ 



we determine 



7 



1 



2 V 2 



+ 



+d, (^-^n^'^d^^^^ + (^-Ir^^^^S^)^^ . (141) 
The presence of the term du (—■^rj^'^d^^^C,) in the right-hand side of (11411) 



indicates that the equations 



and (11371) are compatible if 
k = 0. 



(142) 
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Taking into account the formula (11421) . we conclude that the first-order de- 
formation is consistent if 



-2 [(9^0) [^^^^ + J ^ - 

-8 (9^0) (9^0) (9.0) (9^0 0^ (0) - 

-0W'^-^>V,„.,^e, (143) 
can be written as 

e' = 7^' + 5MX'^ (144) 

for some local 9' and x'^- Using again f ll40p . after some computation we find 
that B' may be expressed in the form fll44p if 

J(0) = 0, (146) 
with C a real constant. The equations (I145p provide the solutions 

F(0) = Ci, t;(0) = C2, G(0) = «:0^-^C', (147) 

with Ci, and C2 some real constants. The first solution (11470 is not 
interesting here since, in agreement with (11040 . it gives a term proportional 
with the free scalar field lagrangian at the level of the first-order deformation, 
which is trivial 

Ci (9p0) = d, {C^cpdy) + s (-Ci00*) , (148) 

so we can take 

F(0) = O. (149) 
The second solution from fll47p leads, via fl95l) . to 

af^ = ^C2>V^,paW'^^^\ (150) 



dJ{<p) 
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We observe that aQ™*''like in fllSOp does not describe the interaction between 
the scalar field and the Weyl graviton, so we can choose C2 = and obtain 

v{<P) = 0, (151) 

and 

4'°*) = 0. (152) 

The third solution from fll47p can be written as G (0) = ncp^ — (^C*a;^). 

Since a^f^ given in (11041) is defined up to a total divergence, we can set, 
without loss of generality, (7 = 0, so we get 

G {(f)) = K(f)\ (153) 

Plugging ffm . ffM . ffM . ffml) . and ffTHHD into (fT33D . we infer that 



2' \^ "^"^ 2' J 12 

/(I) (1) (1) (1) \ 1 , 4 

X I T ^uv^T fjLipfn ~^ r ^z/p r ^li/ipi I + —niKp . (154) 

The formulas (11311) , (I132p , and (11540 offer us the complete form of the inter- 
acting part from the second-order deformation of the solution to the master 
equation, Meanwhile, with the help of the relations ffM . ffT42l) . ffT46l) . 

(I149p . (I15ip . and (I153p replaced in (I105p . we also gain the final form of the 
first-order deformation 

St^ = y"rf^x|-0*[0e-(5»r^,] + ^a^'^/C,.- 

+ . (155) 



2 



In this manner, so far we have completely determined both the first- and 
second-order deformations. 
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5 Interacting theory 



In order to identify the interacting theory, we start from the decomposition 
of 5f^j. hke 

g^lu = cTfiu + A/i^,,. (156) 
Then, the inverse of g^^u, to be denoted by g'^" {g^j.ug'^'' = S/), starts hke 



(0)^^ (if {2)^" 

_ „ g j^X^ g + 



= ^ +A ^ g +... = a^'^ - Xh^"" + yWphP" + ■ ■ ■ . (157) 

Based on the relations fll56l) - fll57p . we obtain that the expansions of the 
scalar curvature and \/—g begin like 



R 



(1) 



(2) 



-a a a [ T p^a T x/su — T pp.13 T \au 



+ 



(158) 



det (^, 



pv ) 



(0) (1) 



(2) 



-g + 



(159) 



The piece of antighost number zero in S'|'°*'* is nothing but the interacting 
lagrangian at order one in the coupling constant 



(int) 



fint) 



+ a. 



_L02^ - 1 (h^^ - }^ha^- ) (9^0) 5.0 + /^0^ (160) 



which, according to fll57l) - fll59p . can be put in the form 



CI 



(int) 



1 2 1 

-2^ +2 



(0) ^^fy (1) (0) 

^9 + g 1 (9^0) 5,0+ /€0^ 



(161) 

Along the same line, the term of antighost number zero in produces 
the cross-coupling lagrangian at order two as 

1 
2 



£(int) 



X {dp<p) d^(p + — 0' 



12 



(1) 

X I r 



,r 



(1) 



pi/ui-^ Plppl 



(1) (1) 
r pup r piuipi 



2 ^ 



(162) 
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Using again fll57l) - fll59p . we have that 



(int) 



2lv^^ +v^^? +v^^? 1(9^0)9,0 + 



(1) (1) (0) (2)\ (1) 

RgR + v^i? 1 



Taking into account fll6ip and (11631) . as well as the expansions 



-99 



{V^99"'f^ + A {V^99'T' + {V^9'T' + 

(0) (0)'^'' / (0) {if (1) (0)^''^ 
= ^/^9 +X\V^9 +V^9 1 + 



(1) 



,(2) 



(163) 



/ (0) (1) (if (2) (0)^^' 

+AMv^^ +V^9 +^9 |+- 



(164) 



-gR = \{V^gRf^ + \'{V^Rf^ + 

(^(1) / W (2) « (1)^ 

= A v^i? +A V^R + v^i? 



(165) 



we finally find that 



{{v^99n^'^ + A (v^^?'^'^)^'^ + A^ {v^99n^"^ +■■■ 



+A 



(0) (1) 

+ Av^ 



X 



+ 



(166) 



The formula ([I66]) shows us that C'^^^ + A/:?''*^ + A^/:^ + 
the expansion of the fully deformed lagrangian 



comes from 



£{int) 



-9 



9'" (9^0)c?.0+-0'i? 

6 



(167) 
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The elements from the deformed solution to the master equation that are 
linear in the antifield of the scalar field furnish the deformed gauge transfor- 
mation of this field like 



(1) , (2) 

A 5e0 + A2 5 e (()+■■ ■■ 



(168) 



The first two orders from the above gauge transformation can be put in the 
form 



(1) 

(2) 
(5e 



where 



{of 
e 

e 



{of 

{d^4>) e -0e, 



2 " 



Thus, the gauge transformation of the scalar field is expressed as 
(5,0 = A 



fiof [if \ 
(a^0)( 6 +A e +--J 



(169) 
(170) 

(171) 
(172) 

(173) 



The last formula emphasizes that the gauge transformation (11731) comes from 
the perturbative expansion of the fully deformed one 



5,0 = A[(a^0)e'^-0e] 
where the gauge parameters are given by 



A. 



(174) 



(175) 



with ej^ the vierbein field. The conclusion of this section is that the inter- 
actions between a single Weyl graviton and a real scalar field are described 
by the coupled lagrangian (11671) . while the scalar field is endowed with the 
gauge symmetry fll74p . 
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6 Impossibility of cross-couplings between dif- 
ferent Weyl gravitons via a scalar field 

Now, we start from the action 

^0 [hU <^]=\j [/^AB<.„;3>V^"^"^ + (9,0) {d^<P) - m^^\ , (176) 

where \iab are some constants and the hnearized Weyl tensor in 

four spacetime dimensions corresponding to the field /i^^ from the collection, 
with A = 1,2, ■ ■ ■ ,n. The gauge transformations of the action fll76p are given 
by 

6Mi = d^^e^^+2a^,e^, 5,0 = 0. (177) 

In this section, under the hypotheses of locality, smoothness of the interac- 
tions in the coupling constant, Poincare invariance, (background) Lorentz 
invariance, and the preservation of the number of derivatives on each field, 
together with the supplementary assumption that the internal metric fiAB 
defined by the sum of Weyl lagrangians is positively defined, we prove that 
there are no indirect cross-couplings between different Weyl gravitons in the 
presence of a scalar field. The assumption that (iab is positively defined was 
employed in [3] in order to prove that there are no direct cross-couplings 
among different Weyl gravitons. In the case of Weyl gravity, there is no 
strong reason for taking the internal metric to be positively defined. How- 
ever, we work under this presumption, for a proper comparison of our results 
to those from [3j. This assumption allows us to normalize the metric such 
that fiAB = Sab- From now on we will use everywhere in the paper the latter 
form of the internal metric. 

The fields/ghosts and antifields from the BRST complex are denoted by 



= ^'^^ = «,e^), (178) 

Co = ihT,<P*), < = (^T,a)- (179) 

The BRST differential splits like in ([8]), while the actions of 6 and 7 on the 
generators from the BRST complex are given by 

6hT = 2d^d0WT"^, 50*^ = (□ + m^) 0, (180) 

6r,J = -2dXr. SCA = 2h\, (181) 

5$«o = 0, 67]"' = 0, (182) 
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iKo = 0, 7C=0, (183) 
7^ = 5(^4 + 2a^,^^ 7</) = 0, (184) 
7< = 0, 7e^ = 0. (185) 

The notation h\ signifies the trace of h*^"^ , h\ = cr^j^h*^^ . The solution to 
the master equation reads as 

S = Si; [h^,, cf\+ j d'x hT {di^^d) + 2^/..e^) • (186) 

The first-order deformation of the solution to the master equation can be 
decomposed, hke in the case of a single Weyl graviton, into 

a = «(w)+«(int) + ^W^ (187) 

where a'-^-* splits like [3J 

= af ) + + (188) 

with 

Cic {v7 (^^^'^^[.^S + - CAVp'f) . (189) 

In formula fll89p the coefficients C^^ are some constants. The consistency of 
a"^^ in antighost number one requires the symmetry of the above coefficients 
in their lower indice^ 

Cic = C^B- (190) 
Taking into consideration the relation (ll9Up . we infer a"^^ in the form 



„(w) 



^ 2 



In order to obtain a consistent Oq^^ from this a^^\ it follows that the con- 
stants C^(j are further subject to the relations [3|^ 

Cabc = i^C{ABC)-, (192) 



"^The piece (|189p differs from that used in f3] through a 7-exact term, which does not 
change the condition (|f 90p . 

^The piece (|19ip differs from that given in 3J through a (5-exact term, which does not 
affect (UnSJ. 
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where, by definition, Cabc = ^adCEc- With (11921) at hand, we find that the 
resulting a^^^ reads as in [3j (where this component is denoted by and 
Cabc by aabc) ■ 

Acting in the same manner hke in subsection 14. 2[ we find that a*^™*-' = 
a^™*"* + with 

= kA<p*e + kA<p* - (dy) <] , (193) 



a, 



(int) 



1 

2 



+ ^kAh^ 



+iw;tpA>vr\(0) 



+ 



(194) 



where fc^ and kA are arbitrary real constants. The deformations fll93p - fll94l) 
correspond to the situation where m? = 0. Meanwhile, we get in a direct 
way that 

a^'^^ = ai^\ (195) 

where alf^ is given in f ll04p . 

Next, we investigate the consistency of the first-order deformation. In 
view of this, it is useful to make the following notations: 



^(W) 
^(int) 

5-1 



5'(W) _j_ ^(int) 



By expressing the second-order deformation under the form 



A _ r.(W) A (int) 

02 — Oo T On 



^2 5 



we observe that the equation 



Si, Si) +2sS2 = 0, 



(196) 

(197) 
(198) 

(199) 
(200) 
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controlling the second-order deformation, equivalently splits into 

(5r,5r)+2.^r = o, (201) 

2f5r\^f*)) + f5f°*\5f*)) +2s5f*^ = 0. (202) 



CAfBCaD = 0, (203) 



The equation fl20ip emphasizes that the constants C^^ must satisfy the con- 
ditions [3] 

'^'A[B'-'C]D 

so they are the structure constants of a finite-dimensional, commutative, 
symmetric, and associative real algebra A. As it has been shown in [Hj, such 
an algebra displays a trivial structure, in the sense that it can be written like 
a direct sum of some one-dimensional ideals. Consequently, we deduce that 

C^c = if B ^ C, or C, or B. (204) 

The last formula actually implies that only the constants may be non- 
vanishing. 

In the sequel we analyze the equation fl202p . If we denote by A*^™*) 
and the nonintegrated densities of the functionals 2 ^Sj^"*, S'j™*'* j + 

^S'l"*'*, S'f'^*'' j and respectively of S'g™*^ the local expression of the equation 
(12021) becomes 

AM) = -2s/5('^*) + d^q", (205) 

with 

gh (^A = 1, gh (/J^^-^*)) = 0, gh (g'^) = 1. (206) 

In our case we obtain the following decomposition of A^™*) with respect to 
the antighost number: 

^(int) _ y^(mt) ^ ^(int)^ j^^(int) ^ / = 0, 1, (207) 

with 

Af^*) = -2 {kAC^a + kskc) [<P*<Pv'''d,f + 0* (9» r^f 
1 



-2 [kACic + kskc) ^^^^^e"^ + 

+7 [kAkBct^* {d^cl^) r/^'^/^J,] , (208) 
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A, 



(int) 



+ kACBC 



{d>'<p)d^<p--a^^'{dy)dp<p 



X 



X 



+2k. 



-2kA 



HP rlC\ 



+ 



+2F(0) (9,0)9^ + 
+2 [(9,0) (9'^0)]'e^ 



+ 



+8 (9,0) (9'^0) (9,0) {d'^^) J (0) (fc^ + A;^0) + 



+7 



wr^^ (0) C^c 8IC^,Xs + 4 r 



(1)^ (1)^ 



Pliu J- Aa/3 



a 



pX_ 



+kAJ (0) (9,0) (9^0) (9,0) (9,0) (a'^^/i^ - Ah^^'')] + 



fiau/3 



-Wr'W^J^ (9-0) {Cic + Sikc) r^?. 



(209) 



The decomposition fl207p imphes that Z^'-™*-* and can be represented hke 

^(int) ^ ^M)^^(mt)^^(mt)^ agh f/jf 



/, 1 = 0,1,2, (210) 
(211) 

So, by projecting the equation fl205p on various antighost numbers, we find 



^2 5 

= q^ + q'i + q^, agh(g,^) = J, / = 0,1,2. 
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the tower of equations 



2 

(int) 



9,. { 



(int) 



A 



(int) 



2(5/5fn7/9rM+«. 



(int) 



(212) 

(213) 
(214) 



The equation 02121) can always be replaced, via some trivial redefinitions, 
with 



7A 



(int) 



0. 



(215) 



We notice that A^"*'' expressed by fl208p can be written like in fl213p if 
f = -2{kAC^c + kBkc)[<l>*<l>v'"'d,f + (l)*{d''(l))v;^^''+ 

- {kAks - kskA) <P*i''e - 



+ -0* (9^0) r^^'^Si^r/, 
-2 [kACic + kskc) rvl^d^C 



takes the form 



(216) 



(217) 



for some local ip, 11, and p^. Assuming that F reads like in (12171) and applying 
6 on the last equation, we get 

5f = 7 (-OT) + i5p^) . (218) 

From the expression of F, by direct computation, we arrive at 

5T = d,{-{kAkB-kBkA)^^{edy-2(Pd^'^'')- 

-2 {kAC^c + kskc) [{d^<P) V^d'^e + <Ped^f- 

Af''^ d^'i'' + [kACtc + kskc) [-20 (9» ^""'d^e^ 

+7 {2 {kAks - kskA) 0e^/C^ + 2 (^aC^c + kskc) x 
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X 



+ {kACic + kBkc) 



X 



X 



(219) 



Since neither of rj^, 9[^vt]j d^^^ are 5-exact objects, it results that the 

right-hand side of (12191) can be put in the form of the right-hand side of (12181) 
if the relation (I126P is fulfilled in the space of local nonintegrated densities. 
As it has been shown in the subsection I4.3[ the relation (11261) cannot hold in 
this space, so T must vanish 

f = 0. (220) 
This takes place if the constants and A;^ are subject to the equations 



kAks - kskA = 0, 
kAC^c + kskc = 0, 
kAC^c + f^Bkc = 0. 



(221) 
(222) 
(223) 



Let us analyze the conditions (I22ip - (I223I) . The first one, (I22ip . exhibits two 
types of solutions, namely 

kA = qkA, (224) 



and respectively 



kA = pkA, 



(225) 



where p and q are some real numbers. Initially, we consider the solution 
fl22D . If g 7^ 0, then the equations fl223D- fl22il) yield 



^aCbc + -kBkc 



The relation 



knk 



, combined with 
0, kekc = 



0. 

^ and 
kskc = 0, 



(226) 

ensures that 
if 5 ^ a (227) 
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Whenever the relations (12271) hold, from 
see that 



fl^ . and (nm it is easy to 



(int) 
.(int) 



0, 



(228) 
(229) 



Plugging (12041) and (12271) into (I209p . we find by direct calculation that 



+ 



1 

— ( 

3 

1 

— i 

6 



(1)^ (1)^ 



(1)^ (1)^ 



+ 



+kAkA 

1 



4 



(7^ (7^ a 



1 (1)^ (1)^ 



(1)^ (1)^ 



+ 



+ciAV (0) w: 



(1)^ (1)^ 



p/ii/ Aa/3 



+4W,^p././^^^ - 2>V/i./3^^ j + kA [G (0) /i-^- 

-2F (0) (^(9^0) S'^^ - ^a^'' {dp<P) d^<i^ h^, + 

+2F (0) + A;^ J (0) (9,0) (9''0) (9^0) (9,0) {a^^h'' - Ah^'^') ] 



+2 
+ 



-kAkAlC^ + kA 



0-4G(0) + 



+kA 



+ 



dG (0) 



e^ + (5''0) (^2kAF {(P) - kA 



dF{(j)) 
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{cut + kcv'l)] + 



2 f A 



+2 [(a^0) 



— ^0 + 4 J (0) + /CA— jT-^ 



+ 



+8 {d,<P) (9» (9,0) [d'^e) J (0) + kA<p) + 9^go^. 



(230) 



Comparing now (12301) with (I214p . we observe that the consistency of the 
first-order deformation requires that 



e 



2 

+ 



dG (0) 



^(^"0)9,0 + 1^^^^,% 



0-4G(0) 

dv (0) 



{Ia + fcA0) + 



e^ + (5''0) 2^AF(0)-fcA 



dF{(f)) 
d(j) 

dJ{(f)) 



-2 [(9,0) (9»]'e^ 



+ 4J(0) +A;a 



dJ{(P) 



+ 



(231) 



+8 (9,0) (9» (9,0) (9^e^) J (0) {Ia + A;a0) . 
must be of the form 

e = 7^" + d^r, (232) 
for some local 9 and x^. Assume that (12321) holds. This implies the equation 

76 = d, (7X^) . (233) 
Acting with 7 on the formula (I23ip . we are led to 

76 = 9, {2kAkAi^d^i^) . (234) 
Comparing (12331) with (I234p . we get that 

2kAkAi''d^^^ = ir + d^y^ (235) 

where X'^ = —X^". The relation f l235p indicates that the equations (12331) 
and f l234p are compatible. On behalf of the formula (I14ip where we make 
the changes 



(236) 
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we find that the equations 



are compatible if 



kA = 0. (237) 

Under these circumstances, the consistency of the first-order deformation 
imphes that the quantity 

'dG{(j)) 



e' 



2 

+ 



dF{(f)) 



>-4G(0) + 



dv ((j)) 



+ {dy){2kAF{(l))-kA 



dF{4>) 



_y^t,avPy^A 



dv (0) 



fiavfi 



id'<l>) {CiAvt + kerf;) + 



2 t-A 



^2kA\{d,<^) {d^<^)Xi 



dJ{^) 



+ 4J(0) + 



+8kA (9^0) (Oy) (9,0) J (0) (238) 

must read as 

e' = 7^' + ^ (239) 

Using again f ll40p adapted in agreement with f l236p , we infer that G' given in 
(12381) may be expressed like in (12391) if the functions J (0), -F (0), v (0), and 
G (0) read like in ffM . ffM . ffTSTj) . and respectively (fT33D . In this case it 
follows that 

0' = 0, (240) 

which further yields 



-]^kAkA 



4 



- (9p0) (9^0) ( - -h^h^ 



- (9^0) (9» I a^XK - ^hX. ] + 



(1)^ (1)^ 
' F 



(1)^ (1)^ 



(241) 
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If g = 0, from 



we infer that k^^ = 0, such that the interaction terms 



will be parametrized only by the constants A;^. Consequently, the relations 
(12041) and (12221) produce the equations 



knk. 



B^C 







if 5 ^ C. 



(242) 



In this situation we have that (32^^^ and /jj™*'' are still expressed by the for- 
mulas (I228I) - (I229I) . By particularizing (I230p to the case Jca = 0, we find that 
the consistency of the first-order deformation requires that 0' from (12381) 
must satisfy again the relation (I239p . so we obtain that /3q'"*'' still reads like 
in fl2iT|) . The relations (12281) - (l229|) and (l2iT|) clearly emphasize that there 
are no indirect couplings between different Weyl gravitons via a scalar field, 
irrespective of the value of q. Consider now the solution (I225p . If p ^ 0, from 



(M), fl2^ -fl22^. and (12^ . we obtain again the relations ( 1277]) . which 
automatically lead to the second-order deformation given by the formulas 
(I228p - (l229p and (I24ip . In consequence, in the case p there are no indi- 
rect cross-couplings among different Weyl gravitons, so only the case p = 
remains to be discussed below. If p = 0, then the equations (I223p and (12250 
take the form 

IaC^c = 0, (243) 

and respectively 



kA = 0. 

In this situation, with the help of (I208P and (I213p . we deduce that 



(int) 



0, PI 



(int) 



0. 



(244) 



(245) 



Inserting 



m 



, we have that 



A, 



(int) 



7 



^ \al3 + 



\^ (i0 ^ ^ ' d(f) J 



-2k, 



knlC^ 



fdF 



- 



-2F (0) (9,0) d^^^ - \wr'Kc^J^e 

+8 (9,0) (9» (9.0) [d'^e) J (0) + 



+ 
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2 ^C?J I 



' A ' fj,aul3 



dv (0) 



(246) 



Taking into account the second relation in (12451) . we observe that the equation 
(12141) requires that Aq™*-* given by (12461) should be 7-exact modulo d 



(int) 



This takes place if 



-2k, 



A ^ ^.;tiaut3..jB dv (0) 
2 ^ '^^fJ-aul3~ 



-2F (0) (9,0) d^e - -wr'y^, 

+8 {d,<P) (9» (9.0) (S'^e^) J (0) + 
+2 [(9,0) (9'^0)]^e 



r + 



2 .^C?J (0) 



allows to be put in the form 

= 77r + 

Acting with 7 on the last equation, we get that 

7^ = (7g^) . 
Applying 7 on (I248p . we infer that 

7^ = 9, (2fc^fcBe^a'^e'') ■ 
From (12501) and (12511) we arrive at 

2kAkBi^d^'e = iq^ + 9,x^^ 



(247) 



(248) 



(249) 



(250) 



(251) 



(252) 
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with = —K^". The formula fl252p states nothing but the compatibihty 
between f l250p and fl25ip . Simple computations lead to 



1 



1 fl 



2 ^^h^d>^e + 



+ 



(^-Iry^I-a^]^^^ + (^-l^T^^i'^d^^e^ . (253) 

The presence of the term d^, {—^r]^^'^ d^"*^^^ in the right-hand side of (12530 
indicates that the equations (I250p and (12510 are compatible if 

Ia = 0. (254) 

Inserting (12540 in (I248p . we find that Aq"*'' can be expressed like in (12470 if 
the quantity 



= -Wr'W^..,^ {d^<P) cut. (255) 



is of the form 



u' = 7vr' + d^q'^. (256) 

It is clear that uj' given in (I255p cannot be written like in (I256p . so oj' must 
vanish. Its vanishing then implies that the function v (0) must be constant. 
Reprising the same arguments like in the subsection 14. 3[ we can take v (0) 
to vanish and thus (I246p and (I254p produce 

= 0. (257) 
Consequently, in the case p = we have that 

^f*^ = jd'x{J{<j)){d,<j)){d>^<P){d,<j))d^<P+ 

+F(0)(9p0)9''0 + G(0)), (258) 

and 

*) = ... = st'^ = ... = 0^ (259) 

where J {(f)), F {(f)) and G (0) are now arbitrary functions of the undifferenti- 
ated scalar field. It is simple to see that the term S'f"*'' given in (I258p does 
not describe interactions between a scalar field and Weyl gravitons. Thus, 
the case p = corresponds to the more restrictive situation where there are 
no interactions at all between the Weyl gravitons and the scalar field, and the 
same holds for the indirect cross-couplings among different Weyl gravitons. 

In conclusion, the result announced in the beginning of this section has 
been completely proved. 
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7 Conclusion 



To conclude with, in this paper we have investigated the indirect couphngs 
between a collection of Weyl gravitons (described in the free limit by a sum of 
hnearized Weyl actions) in the presence of a scalar field by using the powerful 
setting based on local BRST cohomology. Initially, we have obtained the 
couplings between a single Weyl graviton and a scalar field, and then we have 
proved, under the hypotheses of locality, smoothness of the interactions in 
the couphng constant, Poincare invariance, (background) Lorentz invariance, 
and the preservation of the number of derivatives on each field, together with 
the supplementary assumption that the internal metric defined by the sum 
of Weyl lagrangians is positively defined, that there are no consistent cross- 
interactions among different Weyl gravitons in the presence of a scalar field. 
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A Solution to the equation 7oaQ*'^'^*'' = df^rfiQ^^'^^ 

In order to solve the equation 

7oaf "^^^ = d.fht^': (260) 

wc start from the requirement that Oq*'™*'' may contain at most four deriva- 
tives. Then, ci'q"^^^ can be decomposed like 



-//(int) 



^ LOo + LOi + 102 + COS + u;4,, (261) 



where {u!i)i=Qj contains i derivatives. Since there is no Lorentz scalar that 
can be constructed out of the first-order derivatives of the fields hfj,i, and 0, 
it results that 

u;^ = 0, u;3 = 0. (262) 
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Due to the different number of derivatives in the components Uq, UJ2, and u^, 
the equation (12601) leads to three independent equations 

7ot^o = d^Jo^ (263) 
70^2 = d,j^, (264) 
70^4 = d^jl (265) 

Since uq is derivative-free, it can be represented as 

^o(0,M = /i(</')/2(V)- (266) 
Inserting (12661) in (12631) . we obtain that 

fi (0) = «• (267) 

The left-hand side of the above relation can be written like a full divergence 
if 



9, { h (0) ^'11 ) = 0, (268) 



which implies 



/i (0) ^^1^ = (269) 

with c^^ some arbitrary, symmetric constants. The only constants with this 
property are 

d'- = ca^"", (270) 
with c an arbitrary, real constant. Accordingly, the equation (12691) leads to 

/i (0) = c', h (V) = cV'^^ V> (271) 

with c' and c" two constants related by c = c'c". The solution (12711) provides 
no interactions between the scalar field and the Weyl graviton, but merely 
reduces to the cosmological term 

^0 (0, V) = ca^'^ V> (272) 

so we can set c = 0, and thus Uq (0, h^^) = 0. Let us analyze now the 
equation (12641) . If we use the notation 

D'^- = (273) 
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then we get that 

70^0-2 = -2 {d^D^ V, + (274) 

with a local current. The relation (12741) expresses the fact that uj2 is 
solution to (1261) if 

d^D^^ = 0. (275) 
The solution to the last equation reads as 

D>"' = dadfsU"'""^ , (276) 

where JJ^'^^^ displays the symmetry properties of the Riemann tensor and 
involves only the undifferentiated fields and h^j_y. 

Let be a derivation in the algebra of the fields h^j_i, and of their deriva- 
tives that counts the powers of the fields and their derivatives, defined by 

Then, it is easy to see that for every nonintegrated density we have that 

iVx = + (278) 

where 5x1 ^h^y denotes the variational derivative of x- If x'''^ is a homoge- 
neous polynomial of order Z > in the fields and their derivatives, then 

Nx^'^=lx^'\ (279) 
Using (I275D . mm . and flTTSD . we find that 

Nuj2 = -^n.o.upU^''""' + d.v'^. (280) 

We expand U2 like 

^2 = 5^4^ (281) 

l>0 



where Nuj2 = luj2 , such that 



(0 _ ,(0 ^^^^^ ^^^^^ 

Nuj2 = J2^'^2^- (282) 



l>0 
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Comparing fl28UI) with (12821) . we reach the conclusion that the decomposition 
(12811) induces a similar decomposition with respect to U'^°"^^, i.e. 

jjmup ^ J2 t/J!",^. (283) 

Substituting (I283P into (I280p and comparing the resulting expression with 
(12821) . we obtain that 

^?^ = -^^.«./3t^(ri) +^.^'?)- (284) 
Introducing (12841) in (I28ip . we arrive at 

= -^7^^a./3t/^"'^^ + d.v^', (285) 



where 



On behalf of fM). we find that 



700^2 = Vxdp { TZf^auf^— ) + d^f. (287) 



dhpx 

The last relation shows that 002 satisfies the equation (I264p if 

dp \np^,p-^^j = 0. (288) 

Taking into account the fact that TtpmpdU^'^^^ / dhp\ is symmetric with re- 
spect to the indices p and A and second-order in the derivatives, we obtain 
that 

T^^cup^^ = d^dsV''^', (289) 

OlipX 

where the functions V^'^^^ exhibit the symmetry properties of the Riemann 
tensor and depend only on the undifferentiated fields and hp^. By com- 
puting the left-hand side of (12890 . we arrive at 

"^'-'^ = ^^^^ I'^-^J - 2 ^ 



75 
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—hu[^da]di3h^fS + hi3[^da]d^h^s) — 
1 d'^U^""^ 

-K[tMda]d(3(p + hf3i^da]du(l)) - 

1 Q'ijJt^oi^P 

h^S,[uhi3][fida]hsuj — 

2 dhpxdhjsohecj 

1 d^lf^""^^ 1 g^jjt^'^'^f^ 



X (/i75,[i./i/3][M^a]0 + 0,[i.^/3][M^a]^7<5) , (290) 

where we made the notations 

(t),u = dycj), h^5,u = duh^s. (291) 

The right-hand side of f l290p can be expressed hke in the right-hand side of 
([289D if 

^rh^ = 0' = 0' (292) 

dhysohpx 0(f)dhpx 

whose general solution reads as 

with / (0) an arbitrary, smooth function of the undifferentiated scalar field 
and c an arbitrary, real constant. Substituting (12931) in fl285p . we deduce 
that, up to a total derivative, 002 can be written like 



= nf (0) - 25 (n^, - ^a^^nj 



(294) 



We remark that the terms proportional with c from ( 1294^ are not interacting 
terms, and therefore we will omit them by taking c = 0, such that 

= 7^/ (0) . (295) 

In the end we analyze the equation (12651) . By means of the notation 

E'^'^ = (296) 
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we find that 

70CU4 = -2 {d^E^^'') T], + d^u^, (297) 

with a local current. With the help of (12971) . we observe that satisfies 
the equation (12651) if 

(298) 



d^E'"' = 0. 



The solution to the last equation reads as 

E"^ = do^dpH""""^ , 



(299) 



where H^""^^ depends on and exhibits the symmetries of the Riemann 
tensor, and contains just two derivatives. Acting similarly to UJ21 we arrive 
at 

(300) 



where 



l>0 



(301) 



It is clear that H'^°"^^ presents the symmetry of the Riemann tensor and 
includes only two derivatives. In order to preserve the differential order of 
the scalar field equation, it results that H'^°"^^ must be of the form 



(302) 



where H^°"^^ depends only on h^i,, has the symmetry properties of the Rie- 
mann tensor, and has precisely two derivatives. Substituting fl302p into (I300p . 
we deduce that 

(303) 



Acting with 70 on (I303p . we obtain 



70(^4 



f (0) T^iMau/B 



+8^8" { f (0) 7^ 



8h''P 
8 {8^h^p) 



+ 



■fiauf3 



8 {8^8''h^p) 



(304) 
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The last formula shows that uj^ given in (13031) satisfies the equation (12651) if 



+d'd^ f (0) 



The equation ( I305p further leads to 



0. (305) 



^.-/3^(^X^J = ^'^'^^A^.p, (306) 

where Vxrap depends on and h^^, presents the symmetry of TZxrap, and has 
two derivatives. On the other hand, the most general form of ff^"^^ can be 
represented like 

+&^'^«'^"'^^(V)9^9,V, (307) 

where the functions aT'^^'^xxV^'^/s (^h^^) and b"'^^^'^""^^ {hp.u) have appropriate 
symmetry properties. Inserting ( 1307^ in (]306p . we infer that the left-hand 
side of the latter reads as d^d'^Vxrap if 

^755'5xxW/3 (/^^^) = 0, (308) 
^7555V"-/3 (/^^^) = C'^'5««V«-/3^ (309) 

where C't^^?''^"^'^ 

are some constants, and, moreover, the quantity —r-, r 

inherits the symmetries of TZxrap- Based on the last considerations, it is 
simple to see that 

+C3 (a'^^ff"" - a^'V"'^) 7^, (310) 

where ci, C2, and C3 are some real constants. Replacing (13101) in (13031) . we 
get, up to a total derivative, that uj^ takes the form 

= {c^n^au^w''^ + c^n^^w^ + C37^2) / (</>), (311) 
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with ci = — |ci, C2 = — 2c2, and 03 = 03. By employing fl295p and fl31ip . we 
then find that the solution to the equation f l260p becomes 

4'^'°*^ = (cl7^^„,^7^'^"^^ + c2'R,,n^^ + c^^v?) J (0) + 7^/ (0) , (312) 

as stated in the subsection I4.2[ 
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